Lower bound on the communication cost of simulating bipartite quantum correlations 
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Suppose Alice and Bob share a maximally entangled state of any finite dimension and each perform 
two-outcome measurements on the respective part of the state. It is known, due to the recent result 
of Regev and Toner, that if a classical model is augmented with two bits of communication then all 
the quantum correlations arising from these measurements can be reproduced. Here we show that 
two bits of communication is in fact necessary for the perfect simulation. In particular, we prove 
that a pair of maximally entangled four-dimensional quantum systems cannot be simulated by a 
classical model augmented by only one bit of communication. 
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I. INTRODUCTION 

Let us assume two spatially separated parties, Alice 
and Bob, who receive local inputs and produce subse- 
quently outputs. As pointed out by John Bell joint 
correlations of Alice's and Bob's outputs resulting from 
quantum theory cannot be reproduced classically if com- 
munication is not taken place between them. Actually, 
his proof consists a setup of a gedanken experiment where 
contradiction arises if only local resources are used by the 
two parties. This is exemplified by the violation of the 
so-called CHSH inequalities 0], which has been demon- 
strated experimentally several times up to some technical 
loopholes 3. Considering that local resources arc not 
sufficient to simulate all the correlations of quantum me- 
chanics one may ask whether Alice and Bob would bene- 
fit from sending some bits of communication in order to 
reproduce all the set of quantum correlations. This prob- 
lem has been addressed byMaudlin [ij and later indepen- 
dently by Brassard et al. [H] and Steiner However, the 
approach they used in defining the communication cost of 
the simulation is slightly different. Brassard et al. took 
the worst case communication, i.e., the maximal number 
of bits to be sent in the worst case to simulate quantum 
correlations, while in Steincr's and Maudlin's model the 
average amount of communication is considered. In this 
work we apply the worst case scenario, however, there 
are several works discussing the cost of average commu- 
nication for simulation (see for example, In this 
respect we also wish to highlight two more recent works. 
One is by Gavinsky [lo| . who present a nonlocality game, 
which requires a large amount of communication so as to 
be simulated classically. In an other work by Roland and 
Szegedy (llj . an asymptotic lower bound is established 
on the cost of simulating quantum correlations. 

In Ref. [H] the intriguing result has been found that 
one can simulate all quantum correlations arisen from 
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two-outcome projective measurements on the two-qubit 
maximally entangled state, provided a finite (eight) num- 
ber of bits of communication is added to local resources. 
This result has been slightly improved later by Csirik to 
six bits [1^ . Then six bits could be further improved 
even to one bit by the protocol of Toner and Bacon 
in 2003. One may assume that this result is due to the 
fact that the Hilbert space of each party is restricted to 
two dimensions. So the question was natural to ask that 
how many bits are needed to simulate correlations aris- 
ing from two-outcome projective measurements without 
restricting the size of the Hilbert space. First, it has 
been exhibited a protocol by Toner and Regev (see [l^l ) 
which solves this problem in any Hilbert space dimen- 
sion with five bits, moreover this result was subsequently 
improved to two bits p^ . This is the best upper bound 
up to now, and an open question is whether two bits of 
communication are needed at all, or the minimal amount 
of one bit is enough to simulate all two-outcome pro- 
jective measurements on a maximally entangled state of 
any finite dimension. We wish to address this problem 
and show that two bits are indeed necessary, as conjec- 
tured by Regev and Toner p^ . by exhibiting a pair of 
four-dimensional quantum systems and measurement set- 
tings on Alice's and Bob's part so that the corresponding 
quantum correlations cannot be simulated with a classi- 
cal model using one bit of communication. Note, that for 
more parties even the question of finite communication 
is not settled yet. In this respect, Broadbent et al. [l^ 
proved that at least n log n — 2n bits are needed to sim- 
ulate classically an n-party GHZ state improving on an 
earlier result of Buhrman et al. (l7| . 

In the two-party two-outcome case, on the other hand, 
Bacon and Toner [l^ have shown that for three mea- 
surements per party one bit of communication suffices 
to solve this task. We will show in this work that for 
an infinite number of measurements the exchange of one 
bit is not sufficient. We believe that this result holds for 
finite number of settings as well, but we leave it as an 
open problem. Note that to the best of our knowledge 
there is no two-party protocol in the literature even for 
the general d > 2-outcome case where it is proved that 
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quantum measurements cannot be simulated classically 
with one bit of information. 

In the quantum two-party two-outcome scenario Alice 
and Bob share an entangled state p and on the respective 
parts they perform projective measurements described 
by the observables A(a) and B(6) with eigenvalues ±1 
for Alice and Bob, respectively. Here a and b label the 
observables. Then Alice and Bob each output two bits, a 
and /3. In the quantum setting the correlation ii'[Q!/3|afe] 
satisfies E[al3\ab] = Tr(A(a) (g) B{b)p). 

As Tsirelson has shown, there is an equivalent formula- 
tion of this problem by means of unit vectors [l^: Alice 
receives as an input the unit vector a € i?" and out- 
puts a bit a £ ±1, also Bob receives as an input the 
unit vector b £ i?" and outputs a bit /3 € ±1. Their 
goal is to produce a correlation £'[a/3|a5] which satis- 
fies E[al3\ab] A{a) ■ B{b), where A{a) and B{b) are 
some unit vectors in i?™ and • denotes dot product. 
Then, due to Tsirelson's construction [l^, these correla- 
tions can be realized as ±l-valued observables A (a) and 
B(6) on a maximally entangled state of local dimension 
D = 2L"/2J. 

Such as in the context of Bell inequalities, let us now 
take a linear function of the correlations 



B{M) 



M{a,b)A{a) ■ B{b)da{a)da{b), (1) 



where we have the functions A, B : 5"^^ 5""^^. Thus 
B{M) can be interpreted as a two-party two-outcome 
Bell expression with a continuous number of measure- 
ment settings. Let us fix M{a,b) = a ■ b, which is the 
famous example studied by Grothendieck and was 
also a subject of recent studies [HI, [13] related to dimen- 
sion witnesses [l^l- We wish to find the following values: 



Q(n) = max B(M), 
L{n) = max B{M), 



(2) 
(3) 



where Q{n) is the maximum value of the Bell expression 
B{M) achievable by means of quantum systems (without 
imposing bound on the value of m), while L{n) corre- 
sponds to the maximum B{AI) attainable by local hidden 
variables systems. 

In Sec. Ill Al we give a lower bound to Q{n) by set- 
ting particularly A{a) = a and B{b) = 6, which bound 
is known to be the exact maximum value as well (see 
[ll|,[i2)- Then, in Sec. |ITB] the local bound L is 
given, which was also considered by Grothendieck him- 
self. Next, in Sec. Ill Cl we evaluate the local bound aug- 
mented with one bit of communication, which we denote 
by C(n). Since M(a, b) = a ■ b is symmetric in the vec- 
tors a and b, it is enough to treat the case where Alice 
may transmit one bit of information to Bob. In this case 
Bob's outcome may depend on the input Alice received. 
Thus, by allowing one bit of communication, the ±1 val- 
ued function B{b) of a locally classical model becomes 
B{b, /(a)). However, the function /(a) may depend only 



on a bipartition of the set a, since a bipartition carries 
just one bit of information. Then substituting B{b, /(a)) 
in place of B{b) in Eq. (P), one gets 



C{S', S", n) = max / (a • b)A{a) ■ B' [b)d<j{a)da[b) 

B':S'^±1 

+ max I {a-b)A{a) ■ B"{b)d<T(a)da{b), (4) 

B":S"^±1 

where 5""^ = S' U S' . Then the maximum value achiev- 
able by a local model plus one bit of communication is 



C{n) = max C(S",S"',n), 



(5) 



that is, we have to maximize with respect to all possible 
bi-partitions of the unit sphere S*""^. 

The main result of this paper is the proof that C(n) < 
Q{n) for n > 5, where Q is a lower bound to Q{n) 
(however, due to [2lj, this bound is tight). This 
implies by the construction of Tsirelson, that measure- 
ments on maximally entangled four-dimensional systems 
(ququarts) cannot be simulated by a local classical model 
allowing only one bit of communication. 



II. CALCULATION OF THE LIMITS 

A. Quantum bound 

A lower bound to the value of Q{n) can be given by 
substituting A{a) = a and B{b) = b into the defini- 
tion (21), where the Bell expression B{M) is defined by 
p]). Then m ~ n and a lower bound to Q{n) is given by 



Q{n) = / |a • b\^da{a)da{b) < Q{n), (6) 

where J da{a) — J da{b) = 1 is the normalized Haar 
measure. Due to rotational invariance we can assume 
b = (1,0,...,0), thus we can further write ^ to ob- 
tain Q{n) = J \bi\^daib) = (l/n) JJ2^ \b,\^daib) = 1/n, 
where we used that all bi, i ~ 1 , . . . , n are equal owing 
to symmetry arguments. As it has been shown (2ll. [2^. 
Q{n) is equal to Q{n), but in our proof we do not have 
to use this fact. 



B. Local bound 

Here we evaluate the classical limit L{n). According 
to ([31) and using the explicit form M (a, b) = a ■ b, this is 



^^^'^ ^ abT^^ (a-5)^(a)S(6)dcr(a)dcr(&), (7) 

where now A{a) and -6(6) arc ±1 valued functions. 
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Let us define h{a) = J {a ■ b)B{h)da{b) = a ■ 
J bB{b)da{b) = a ■ Z = Xa ■ z, where z is a unit vector 
and A = h{z) is the length of the vector Z. Therefore, 
h{a) = h{z)a ■ z and according to ([7]) 



L(n) ~ max 



max 



where z in the second line is defined through 



Z = Xz 



according to the formulae below Eq. ([7|) . Then 
can be further written as 



A{a)h{a)da{a) 
h{z) / (z ■ a)A{a)da{a), (8) 



(9) 
above 



bB{b)da{b) 



beS" 



L{n) = ^ ^ max ^ / (z • b)B{b)da{b) / (z • a)A{a)da{a) 



\z ■ a\da{a) 



aeS" 



(10) 



(and likewise for case (") we will have A{a) = sgn{z" ■ a) 
andB"(6) = sgn{z" -b), a & S",b£ S""-!). By the virtue 
of the definition of Z' (and Z") above, for any alignment 
of the vectors z' and z", the functions B' and B" are de- 
fined consistently. On the other hand, due to rotational 
invariance, the last integral term in the third line of pip 
does not depend on the vector z'. By exploiting this fact 
also in the expression (") analog with pT|) and by using 
the the definitions in (I4I5D. we can write 



C(n) < / \bi\da{b) 

max max < / |z' • a\d<T(a) + / |z" • a\d<T(a) 

z'.z"S'/S" UaeS' JaeS" 



\bi\da{b) max / max{|z' • a|, |z" • a|} d(T(a). 

(12) 



Since only the angle between z' and z" enters above, 
without loss of generality we can choose them as 



where the second line follows from the substitutions 
A{a) = sgn(z-a) and B{b) = sgn{z-b), which choices are 
incidentally consistent with the definition ([5]) for z. Due 
to symmetry arguments one can choose z = (1, 0, . . . , 0) 

and then we have L{n) ~ [J |ai|(icr(a)] . By an ex- 
plicit calculation one obtains L(n) = s„_i/(ns„) (sec 
also iH, [22]), where s„ = sin'' = ^T{{n + 
l)/2)/r((n -I- 2)/2). This formula can be evaluated ana- 
lytically either for small values of n or for the continuum 
limit n — > 00. We have collected the ratios Q{n) / L{n) 
for some small values of n and also for n ^ oo in Table U 
(remembering that Q{n) = l/n for n > 1). 



C. Local plus one bit bound 

Let us now calculate an upper bound on the value of 
C(n) defined by Eq ([5]). We use the same argumentations 
to separate the terms involving the vectors a and 6, which 
lead from ([7]) to PH)) . Then, the first double integral in 
dH) can be upper bounded as 



max / (a • b)A{a)B (b)d(T(a)da(b) < max 

A:S'^±l ,' 



max / (z' • a)A(a)da(a) max / (z' ■ b)B'(b)da(b) 
max<; ; \z' ■ a\da{a) I \z' ■ b\da{b) \ , (11) 



z' = (sinS, COS0, 0, . . . , 0), 
z" = (-sin6',cos6l,0,...,0). 

Now, taking into account Eq. pH)) we have 



(13) 



C(n) < ■\/ L{n) max / max{|z' • a|, |z" • aWda(a)^ 

(14) 

which readily depends only on the angle W between z' 
in (ffSl). Also, the RHS of (fill) above is invari- 



and 

ant under the sign changes of z', z" and a. Thus, it is 
enough to consider the angle < < 7r/2 and a being 
located in the first quadrant of the first two coordinates. 
However, in this case |z' • a\ > \z" ■ a\, and the integral 
in (fH)) becomes Amaxg /^ggn-i \z' ■ a\da{a), where the 

integral is performed on the sphere 5*"^^ except in the 
first two coordinates, where integration is only over the 
first quadrant (the range of a designated by 5"^^). 

Let us next evaluate an upper bound on the ratio 
C{n) / L{n), i.e., on the ratio of the local bound with one 
bit of communication to the local bound without com- 
munication. Applying Eqs. ([5]), PH)) and (HH), we have 



C{n) ^ 4maxeX, 
Lin) - ~ 



a\da{a) 



/aes—i \ai\da{a) 
nvAXg JJ^g sin(0 + 'd)d'd 

max{cos 9 + sin 9} 



\/2- 1.41421, (15) 



where z' is defined by the normalized value of Z' = 
/heS"-! bB'{b)da{b). The second term in can be writ- 
ten similarly to (fTT|) but replacing the terms (') by ("). In 
order to arrive at the third line we used the substitutions 
A{a) = sgn{z'-a) and B'{b) = sgn{z'-b), S',be 5"^^ 



the maximum taken up by = 7r/4, where we have taken 
in the integration the explicit forms of z' and z" from 
(fT3)) . Notice, that this upper bound to the ratio is inde- 
pendent of dimension n. However, a lower bound on the 
quantum per local bound can be seen in Table HI This 
shows clearly that for n = 5 the ratio exceeds the value 



TABLE I: The lower bound Q{n) / L{n) by the values of n = 2, 3,4, 5,6 and n oo. 
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n 2 3 4 5 6 n— »oo 

fi^ ^ - 1.234 I ~ 1.333 ^ - 1.388 § - 1.422 ^ ~ 1.432 ^ ~ 1.577 

Ln 8 3 64 45 517 2 



-^72, indicating that quantum mechanical correlations of 
bipartite quantum systems cannot be simulated by local 
models augmented with one bit of communication. 

Due to the work of Tsirelson, for n = 5 one can con- 
struct the measurement operators and states in the lo- 
cal four-dimensional Hilbert spaces. In the following, 
we exhibit the explicit form of them. Let the quan- 
tum state be the maximally entangled pair of ququarts, 
IV'^) = I")- Then, the respective observables 

of Alice and Bob are 

A(a)=^AW(a)7fc 

fe=i 

B(6)=^i?W(6)7., (16) 

fe=i 

where A'^'^^a), B'^'^\h) are the components of the vectors 
A{a) and B(h) and the five anticommuting, traceless 7 
matrices are 

71 = <^ 1 

72 = CTy ® 1 

73 = 0-z ® C^x 

74 = CTz <X) (Ty 

l5=(^z®(Tz- (17) 

It can be checked that with this, one has indeed 
{tp+\A{a) ® B(6)|-0+) = A{a) ■ B{b) as required. 

III. SUMMARY 

In this paper we have shown that two bits of commu- 
nication are necessary for perfectly simulating classically 
the correlations of measurement outcomes carried out by 
two distant parties. In particular, we proved that two- 
outcome projective measurements on a pair of maximally 
entangled four-dimensional quantum systems cannot be 
simulated by a classical model augmented by only one 
bit of communication. In order to prove it, our scenario 
involved an infinite number of measurements. We pose it 
as an open question whether a finite number of measure- 
ments would suffice for the proof as well. In this respect 



we mention that in a recent work Briet et al. [2l| could 
discretize the Bell expression ([1]) with M = a-fo to involve 
only finite number of measurement settings and obtained 
bounds on the maximum quantum values depending on 
the dimension. Their result would probably help in the 
one bit communication problem, discussed here, as well. 

Finally, we list some interesting open questions related 
to recent results in the literature. Let us restrict to the 
case of two parties and binary outputs. We know that 
in this case measurements can be simulated classically 
with one bit (two bits) of communication performed on 
maximally entangled qubits Il 8 | ( audits [l5|). Recently, 
N. Gisin posed the question |24{ . whether there exist 
measurements on a pair of partial entangled qubit states 
which cannot be simulated by a single bit of communi- 
cation. Similarly, it would be interesting to know how 
hard to simulate partially entangled qudits, e.g. whether 
it would require exchanging more than two bits. Also, it 
is known [25| that a hypothetical non-local machine, the 
so-called PR-box [2^ is a strictly weaker resource than 
one bit of communication. Nevertheless, it can simulate 
two-outcome projective measurements on a maximally 
entangled qubit pair [2^ . On the other hand, it has been 
recently proved that projective measurements on a maxi- 
mally entangled pair of qudits with two outcomes can be 
simulated by three PR-boxes [23|. In light of our result 
that no 1-bit communication model exists for simulat- 
ing measurements on maximally entangled qudits, no 1 
PR-box model would exist either. Then it would be in- 
teresting to find out whether 2 PR-boxes were enough to 
simulate two-outcome projective measurements on max- 
imally entangled qudits or not. 
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